Abstract. The notions of a (Boolean, prime, ultra, good) hesitant fuzzy filter and a hesitant fuzzy M V -filter of an M T L-algebras are introduced, and their relations are investigated.
Introduction
MTL-algebras are the algebras of monoidal t-norm-based logic (MTL), as defined by Esteva and Godo [2] , and have BL-algebras as a subclass. The filter theory for M T L-algebras, which is also studied in several algebraic structures, plays an important role in studying these algebras and the completeness of the corresponding non-classical logics. From a logical point of view, various filters correspond to various sets of provable formulas. Borzooei et al. [1] studied several types of filters in M T Lalgebras: EIMTL-filters, associative fillters, IMTL-fillters and strong fillters. They provided several characterizations for these new types of filters and established the relations between them and the previously defined implicative, positive implicative and fantastic filters in MTLalgebras as well as in BL-algebras.
The notions of Atanassov's intuitionistic fuzzy sets, type 2 fuzzy sets and fuzzy multisets etc. are a generalization of fuzzy sets. As another generalization of fuzzy sets, Torra [4] introduced the notion of hesitant fuzzy sets. The hesitant fuzzy set is a very useful tool to deal with uncertainty, which can be accurately and perfectly described in terms of the opinions of decision makers.
Xu and Xia [6] proposed a variety of distance measures for hesitant fuzzy sets, based on which the corresponding similarity measures can be obtained. They investigated the connections of the aforementioned distance measures and further develop a number of hesitant ordered weighted distance measures and hesitant ordered weighted similarity measures.
In this article, we apply the notion of hesitant fuzzy sets by Torra to the filter theory in M T L-algebras. We introduce the notions of a (Boolean, prime, ultra, good) hesitant fuzzy filter and a hesitant fuzzy M V -filter of an M T L-algebras, and investigate their relations. We discuss characterizations of a (Boolean, ultra) hesitant fuzzy filter. We provide conditions for a hesitant fuzzy set to be a hesitant fuzzy filter, and for a hesitant fuzzy filter to be a Boolean hesitant fuzzy filter.
Preliminaries
By a residuated lattice we shall mean a lattice L = (L, ≤, ∧, ∨, , →, 0, 1) containing the least element 0 and the largest element 1, and endowed with two binary operations (called product) and → (called residuum) such that
• is associative, commutative and isotone.
• (∀x ∈ L) (x 1 = x).
• The Galois correspondence holds, that is,
In a residuated lattice, the following are true (see [5] ):
We define x * = {y ∈ L | x y = 0}, equivalently, x * = x → 0. Then (a8) 0 * = 1, 1 * = 0, x ≤ x * * , and x * = x * * * .
Based on the Hájek's results [3] , Axioms of MTL and Formulas which are provable in MTL, Esteva and Godo [2] defined the algebras, so called MTL-algebras, corresponding to the MTL-logic in the following way.
Definition 2.1. An MTL-algebra is a residuated lattice L = (L, ≤, ∧, ∨, , →, 0, 1) satisfying the pre-linearity equation:
In an MTL-algebra, the following are true:
Since ∧ is not definable from and → in a MTL-algebra, one could consider that the further condition (b3) (∀x, y ∈ F ) (x ∧ y ∈ F ) should be also required for a filter. However the condition (b3) is indeed redundant because it is a consequence of conditions (b1) and (b2). Namely, since x y ≤ x∧y, if x, y ∈ F then x y ∈ F and thus x∧y ∈ F as well. 
Hesitant fuzzy filters
Let E be a reference set. A pair (Φ, E) is called a hesitant fuzzy set on E (see [4] ) where Φ is a mapping from E into the family of all subsets of [0, 1], i.e., Φ :
In what follows, we take an MTL-algebra L as a reference set. 
and define a product and a residuum → on L as follows:
where α, β ∈ P([0, 1]) with α ⊃ β. Then it is routine to verify that Φ is a hesitant fuzzy filter of L.
(2) Let L = [0, 1] and define a product and a residuum → on L as follows:
for all x, y ∈ L. Then L is a MTL-algebra. Let Φ 1 and Φ 2 be hesitant fuzzy sets on L given by
where α ⊆ [0, 0.5). Then Φ 1 and Φ 2 are hesitant fuzzy filters of L. 
We define two binary operations ' ' and '→' by the following Cayley tables (see Table 1 and 
where α, β ∈ P([0, 1]) with α ⊃ β. It is routine to verify that Φ is a hesitant fuzzy filter of L.
We first give characterizations of a hesitant fuzzy filter.
Hence x (x → y) ≤ y by the Galois correspondence, and so
by (3.2) and (3.1).
Conversely let Φ be a hesitant fuzzy set on L in which two conditions (3.3) and (3.4) are valid. Using (a4), we know that
for all x, y ∈ L. It follows from (3.3) and (3.4) that
3) and (3.4). Therefore Φ is a hesitant fuzzy filter of L.
Proposition 3.5. Every fuzzy filter Φ on L satisfies the following inclusions:
Proof. Using (a4) and (3.4), we have
for all x, y, z ∈ L. If we take y = (a → x) → x and x = a in (3.4), then
This completes the proof. Theorem 3.6. Every hesitant fuzzy set Φ on L satisfying two conditions (3.3) and (3.5) is a hesitant fuzzy filter of L.
Proof. Taking x := 1 in (3.5) and using (a2), we get
for all y, z ∈ L. Thus Φ is a hesitant fuzzy filter of L by Theorem 3.4. 
Proof. Assume that Φ is a hesitant fuzzy filter of L. Using (a2), (3.3) and (3.4), we have
for all x, y ∈ L. Using (3.5) and (3.6), we get
Conversely, let Φ be a hesitant fuzzy set on L satisfying two conditions (3.8) and (3.9). If we take y :
for all x, y ∈ L. Therefore Φ is a hesitant fuzzy filter of L by Theorem 3.4. 
2), and so
by (3.4) .
Conversely let Φ be a hesitant fuzzy set on L satisfying (3.10). Since x ≤ x → 1 for all x ∈ L, it follows from (3.10) that
for all x, y ∈ L. Hence Φ is a hesitant fuzzy filter of L. 
Proof. The proof is by induction.
Using the Galois correspondence and Theorem 3.9, we have the following corollary. 
Theorem 3.12. For a filter F of L and a ∈ L, let Φ be a hesitant fuzzy set on L defined by
for all x ∈ L where γ 1 , γ 2 ∈ P([0, 1]) with γ 2 ⊃ γ 1 . Then Φ is a hesitant fuzzy filter of L.
Proof. Since a ∨ 1 ∈ F, we have 1 ∈ {z ∈ L | a ∨ z ∈ F } and so
Then at least one of x and x → y does not belong to {z ∈ L | a∨z ∈ F }. Hence Φ(y) = γ 2 = Φ(x)∩Φ(x → y), and therefore Φ is a hesitant fuzzy filter of L by Theorem 3.4. 
Proof. Assume that Φ is a hesitant fuzzy filter of L. Let x, y ∈ L and τ ∈ P([0, 1]) be such that x ∈ Φ τ and x → y ∈ Φ τ . Then τ ⊆ Φ(x) and τ ⊆ Φ(x → y). It follows from (3.3) and (3.4) that Φ(1) ⊇ Φ(x) ⊇ τ and Φ(y) ⊇ Φ(x) ∩ Φ(x → y) ⊇ τ and so that 1 ∈ Φ τ and y ∈ Φ τ . Hence Φ τ is a filter of L by Proposition 2.3.
Conversely, suppose that Φ τ is a filter of L for all τ ∈ P([0, 1]) with Φ τ = ∅. For any x ∈ L, let Φ(x) = δ. Then x ∈ Φ δ and Φ δ is a filter of L. Hence 1 ∈ Φ δ and so Φ(x) = δ ⊆ Φ(1). For any x, y ∈ L, let Φ(x) = δ x and Φ(x → y) = δ x→y . If we take δ = δ x ∩ δ x→y , then x ∈ Φ δ and x → y ∈ Φ δ which imply that y ∈ Φ δ . Thus
Therefore Φ is a hesitant fuzzy filter of L by Theorem 3.4.
Theorem 3.14. For a hesitant fuzzy set Φ on L, letΦ be a hesitant fuzzy set on L defined bỹ
where τ ∈ P([0, 1]) \ {∅}. If Φ is a hesitant fuzzy filter of L, then so is Φ.
Proof. Suppose that Φ is a hesitant fuzzy filter of L. Then Φ τ is a filter of L for all τ ∈ P([0, 1]) with Φ τ = ∅ by Theorem 3.13. Thus 1 ∈ Φ τ , and soΦ (1) 
ThereforeΦ is a hesitant fuzzy filter of L.
Theorem 3.15. If Φ is a hesitant fuzzy filter of L, then the set
Proof. Since Φ(1) ⊇ Φ(a) for all a ∈ L, we have 1 ∈ Ω a . Let x, y ∈ L be such that x ∈ Ω a and x → y ∈ Ω a . Then Φ(x) ⊇ Φ(a) and Φ(x → y) ⊇ Φ(a). Since Φ is a hesitant fuzzy filter of L, it follows from (3.4) that
Hence Ω a is a filter of L.
Theorem 3.16. Let a ∈ L and let Φ be a hesitant fuzzy set on L. Then
If Ω a is a filter of L, then Φ satisfies the following condition: Φ satisfies (3.3) and (3.11) , then Ω a is a filter of L.
Then x → y ∈ Ω a and x ∈ Ω a . Using (b5), we have y ∈ Ω a and so Φ(y) ⊇ Φ(a).
(2) Suppose that Φ satisfies (3.3) and (3.11). From (3.3) it follows that 1 ∈ Ω a . Let x, y ∈ L be such that x ∈ Ω a and x → y ∈ Ω a . Then Φ(a) ⊆ Φ(x) and Φ(a) ⊆ Φ(x → y), which imply that Φ(a) ⊆ Φ(x) ∩ Φ(x → y). Thus Φ(a) ⊆ Φ(y) by (3.11), and so y ∈ Ω a . Therefore Ω a is a filter of L.
Proposition 3.17. For a hesitant fuzzy filter Φ of L, the following are equivalent:
(
Proof.
(1) ⇒ (2) Suppose that Φ satisfies the condition (1). Taking z = y and y = x in (1) and using (3.3), we have
for all x, y, z ∈ L.
(2) ⇒ (3) Suppose that Φ satisfies the condition (2) and let x, y, z ∈ L.
This completes the proof.
We provide a condition for a hesitant fuzzy filter to be Boolean.
Proposition 3.20. If a hesitant fuzzy filter Φ of L satisfies the following inclusion
then it is Boolean.
Proof. Using (a2), (a4) and (a5), we have
It follows from (3.2), (3.3) and (3.14) that
Using (a7) and (a9), we have
, and so Φ(x ∨ x * ) = Φ(1). Therefore Φ is Boolean.
Proposition 3.21. If a hesitant fuzzy filter Φ of L satisfies the condition (3.13), then Φ satisfies also the condition (3.14).
Proof. Let Φ be a hesitant fuzzy filter of L that satisfies the condition (3.13). Since (x → y) → x ≤ x * → x for all x, y ∈ L, it follows that
for all x, y ∈ L. Hence Φ satisfies the condition (3.14).
Combining Propositions 3.19, 3.20 and 3.21, we have a characterization of a Boolean hesitant fuzzy filter. (1) Φ is Boolean.
Proposition 3.23. If a hesitant fuzzy filter Φ of L satisfies (3.14), then it satisfies the following inclusion
and so
by (3.4). Since
we have
for all x, y, z ∈ L by using (3.2) and (3.14). This completes the proof.
Proposition 3.24. Every Boolean hesitant fuzzy filter Φ of L satisfies the following condition:
it follows from (3.2), (3.4) and Theorem 3.22(3) that
for all x, y, z ∈ L. This completes the proof.
Definition 3.25. A hesitant fuzzy set Φ on L is called a hesitant fuzzy M V -filter of L if it is a hesitant fuzzy filter of L that satisfies the following condition: Proof. Let Φ be a hesitant fuzzy filter of an M V -algebra L. Since
, and so Φ is a hesitant fuzzy M V -filter of L. Proof. Let Φ be a Boolean hesitant fuzzy filter of L. Since y ≤ ((y → x) → x) → y, we have
by (a6). Using (a4), (a5), (a6) and (3.17), we get
by Theorem 3.22 (3) and (3.2) . Therefore Φ is a hesitant fuzzy M V -filter of L.
Theorem 3.28. For a fixed element a ∈ L, let Φ * be a hesitant fuzzy set on L defined by
Then Φ * is a hesitant fuzzy filter of L if and only if it satisfies the following inequality:
Proof. Assume that Φ * is a hesitant fuzzy filter of L and let x, y ∈ L be such that a ≤ y → x and a ≤ y. Then Φ * (y → x) = δ 1 = Φ * (y), and thus
. Then a ≤ x and a ≤ x → y, which imply from the hypothesis that a ≤ y, that is, y ∈ Φ *
is a filter of L. It follows from Theorem 3.13 that Φ * is a hesitant fuzzy filter of L.
Definition 3.29. A hesitant fuzzy filter Φ of L is said to be ultra if it satisfies:
Example 3.30. In Example 3.3, the hesitant fuzzy filter Φ of L is ultra. We consider a characterization of a ultra hesitant fuzzy filter. Theorem 3.33. Let Φ be a hesitant fuzzy filter of L. Then Φ is ultra if and only if it is both Boolean and prime.
Proof. Let Φ be a ultra hesitant fuzzy filter of L. Note that x ≤ x∨x * and x * ≤ x∨x * for all x ∈ L. It follows from (3.2) that Φ(x) ⊆ Φ(x∨x * ) and Φ(x * ) ⊆ Φ(x ∨ x * ). Using (3.19), we have Φ(1) = Φ(x) ∪ Φ(x * ) ⊆ Φ(x ∨ x * ), and so Φ(x ∨ x * ) = Φ(1). Hence Φ is a Boolean hesitant fuzzy filter of L. Let x, y ∈ L. Using (a11) and (3.2), we get
by (3.2) . Combining (3.21) and (3.22) induces Φ(x ∨ y) ⊆ Φ(x * → y). Let x ∈ L be such that Φ(x) = Φ(1). Then Φ(x * ) = Φ(1). Hence
and so Φ(
. Therefore Φ is a prime hesitant fuzzy filter of L. Conversely, let Φ be a hesitant fuzzy filter of L which is both Boolean and prime. Then Φ(1) = Φ(x∨x * ) ⊆ Φ(x)∪Φ(x * ) for all x ∈ L, and thus Φ(x * ) = Φ(1) whenever Φ(x) = Φ(1). Therefore Φ is a ultra hesitant fuzzy filter of L. (∀x, y ∈ L) (Φ((x x) → y) ⊆ Φ(x → y)) . We define two binary operations ' ' and '→' by the following Cayley tables (see Table 3 and Table 4 
where α, β ∈ P([0, 1]) with α ⊃ β. It is routine to verify that Φ is a good hesitant fuzzy filter of L.
We provide a characterization of a Boolean hesitant fuzzy filter. by using (a4), (3.3) and Proposition 3.24. Hence Φ is a good hesitant fuzzy filter of L.
Conversely, suppose that Φ is both a good hesitant fuzzy filter and a hesitant fuzzy M V -filter of L. Note that (x → y) → x ≤ (x → y) → ((x → y) → y) = ((x → y) (x → y)) → y for all x, y ∈ L by (a3), (a4) and (a6). It follows from (3.2) and (3.23) that Φ((x → y) → x) ⊆ Φ(((x → y) (x → y)) → y) ⊆ Φ((x → y) → y). Using (a5) and (a6), we have ((x → (x → y)) → (x → y)) → x ≤ ((x → y) → y) → x
